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Good Sequent Calculus =
@ axiomatisation
@ decision procedure
© tool for establishing properties of the logic
O a setting for studying proofs
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Crash Course in Ordinals

The natural sum « # 3 can be thought of as the sum “which adds
in the right order” and thus is order-preserving and commutative.
For example

14w < wH#l = 1#w = w+1

The a-th Veblen function ., is defined as:
w03 1= w’
Yo = the B-th common fixpoint of the functions ¢, for v < a.

For example
wo0=1 @ol=w  poa=w"

10 = pa.w™ = ¢g p1a = Eq 20 = po.pra = poey
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The Logic of Common Knowledge

Formulas

Az=p|p|(AVA) | (ANA)| CA|OA| ®A| BA
Everybody knows
OA=01AAN...ANO,A and OCA=C1AV LV OLA

Notation

O0"A=n0...0A
———

n—times



A Hilbert System

System Hc
(K) OAAND(AD B)D> OB
(CCL) ®AD (DAAOmA)
B> (DAAOB) A
(IND) B> @A (NEC) DA
(MP) A ADB

B
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A Shallow Sequent System

(Alberucci and Jager 2005)
System G¢

fos LA TB | TAB
»P: P LAAB LAVB

Y 7A

D.
I 3 )Disz

M,OkA forall k > 1 L&A OA
@ T

I EA roA
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Oy = [x
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cut
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The Problem for Cut Elimination
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Some Background on Deep Inference

Deep Inference in General

e Schiitte 1950
e Guglielmi 2001

Deep Sequents in Particular

e Schiitte 1968 (not in an inference system)
e Kashima 1994, Tanaka 2003

e Briinnler 2006

e Poggiolesi (PhD student in Florence)
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Deep Sequents

Definition

A (deep) sequent is a finite multiset of formulas and boxed
sequents. A boxed sequent is an expression [[]; where I is a
sequent and /i is an agent.

Notation

As usual! The comma in the expression ', A is multiset union. A
singleton is the same as its element. Sequents are written without
curly braces:

A, [[B]1, C, [D]2]s

instead of

{A,[{[{B}]1, C, [ D}]2}]3}



Fact
A sequent is always of the form
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Fact
A sequent is always of the form

A17 AR 7Am7 [Al]i17 ey [An]in
Definition
The corresponding formula of the above sequent is
Al\/”'\/Am\/D,'lDlV"'VDinDn

where Dj ... D, are the corresponding formulas of the sequents
Ay A,
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Sequent Contexts

Definition

A context is a sequent with exactly one occurrence of the symbol
{ }, the hole, which does not occur inside formulas. Such contexts
are denoted by '{ }. The sequent I{A} is obtained by replacing

{}inT{}byA.
Example

If  T{}=A[Bl{}Ys and A=

then
r{a} = A Bl I3



System D¢: A Deep Sequent System

_ (A} (B} r{A, B}
"pPy A —anE F{AV B]

{Al} o, TOA A, Al

Hi A " TT{OA A}

r{okA} forall k > 1 M{®A, OkA}
M{@A] M{®A}




Formula rank

rk(p) = rk(p) = 0

k(A A B) = rk(AV B) = max(rk(A), rk(B)) + 1
rk(0;A) = rk(CiA) = rk(A) + 1

rk(BA) = rk(®A) = w + rk(A)



Formula rank

p) = rk(p) =0

AN B) = rk(AV B) = max(rk(A), rk(B)) +1
D,’A) = rk(<>,-A) = rk(A) +1

®A) = rk(®A) = w + rk(A)

rk
rk
rk
rk

o~ o~~~

Lemma (Some properties of the rank)

(i) rk(A) = rk(A),
(i) rk(A) < w?,
(iii) for all k < w we have rk(O¥A) < rk(@A).



Structural rules and cut

[ K F{@)} ¢ F{A,A}
s YAy Ay

r{A} r{A}
cut F{@}
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Lemma (Admissibility of the structural rules)

For system D¢ the following hold:

(i) The necessitation, weakening and contraction rules are depth-
and cut-rank-preserving admissible.

(ii) All rules are depth- and cut-rank-preserving invertible.

Lemma (Admissibility of the general identity axiom)
For all contexts T'{ } and all formulas A we have

Dc 24 a4 4},

Theorem (Embedding the Hilbert system)
2
If Hc = A then Dc - A.



Lemma (Reduction Lemma)
If there is a proof

r{A} r{A}
r{0}

with w1 and m in D¢ + cut<,, then D¢ }W r{0}.
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First Elimination Lemma
If D =57 T then Dc}— r

Second Elimination Lemma

If DC% I then DCPD;% r.

Theorem (Cut Elimination)
If A is a valid formula then D¢ }%0 A.



Future work

Extend the result to

Extend the result to common knowledge
Extend the result to the
Find bounds

Do syntactic cut elimination in a system
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