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The Naive Proof System
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The Naive Proof System
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Neither Varying nor Constant Domains...
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Neither Varying nor Constant Domains...
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What goes wrong in the naive system?
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What goes wrong in the naive system?
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o
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What goes wrong in the naive system?

- A[x_:: u], Alx := z] . Alx := u], Alx := u]
. Alx = u], VXA Alx = u], 3xA
3 OA[x = u] , OVXA VD OA[x := u] , O3xA
IxOCA |, OVXA VxOA , ©3xA
Y 3xOA v OVXA Y UxOA v OIxA
T VxOA — OVXA T VXOA  OVxA

It's not so clear how to solve our problem in the sequent system.
Let's look at a Hilbert system, where it is easily solved.
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A Hilbert System

All propositional tautologies, modus ponens, plus:
0(A— B) — (DA— 0OB)

A

Nec —

OA

AVxA if x not free in A
Vx(A — B) — (VxA — VxB)
Vy(VxA — A[x :=y]) valid for varying domains

A

VxA
VxVyA < VyVxA

Gen
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The Problem, again

Up to now was folklore, see for example the book " First-Order
Modal Logic” by Fitting and Mendelsohn.

Problem
Find a systematic cut-free axiomatisation of the four modal
predicate logics.

Subproblem

Find a cut-free system for predicate logic, which does not prove
VxA — Alx :=y].

Question
Can we get it in the same way we just got the Hilbert-system?



How to weaken this system?

rnA I,B rARB rnAA
aa N— \% ctr
AAB rAvVB rA
g M A[x = u] J rot free - M A[x = u]

r, VXA in conclusion F, dxA



Nested Sequents

Solution
Extend sequents by structural connective for Vx, denoted Vx| |.



Nested Sequents

Solution

Extend sequents by structural connective for Vx, denoted Vx| |.

ldea
Vx| |is for Vx what “," is for V.



Nested Sequents

Solution
Extend sequents by structural connective for Vx, denoted Vx| |.

ldea
Vx| |is for Vx what “," is for V.

Example

A, BV C, Vx|A, B|, Vy[Vz[3xE, VyF, G||



A Nested Sequent System

r{A} Tr{B} . r{A B} M{A A}

a3} F{AAB)} {AVBl  T{A}



A Nested Sequent System

o r{A} r{B) r{A, B} r{A A}
{a.3} FAAB)  T{AVB}  T{A}
(Al

F{VxA}



A Nested Sequent System

a3 r{A} Tr{B} r{A B} M{A A}
@3 ey Traver A
v r{VX[A]} VX[F{A}] where x does not

r{VXA} - r{VX[A]} occur in I'{ }



A Nested Sequent System

a3 r{A} Tr{B} r{A B} M{A A}
{23} r{AA B} ‘riaver A
v r{VX[A]} scp VX[F{A}] where x does not
F{VXA} r{VX[A]} occur in T'{ }

M{A[x := u]}

{IxA}



A Nested Sequent System

r{A} Tr{B} . r{A B} M{A A}

a3} r{AA B} F{AVB}  T{A}

v r{VX[A]} scp VX[F{A}] where x does not
r{VXA} r{VX[A]} occur in I'{ }

r{A[X = u]} where u is not
r{HXA} free in premise



A Nested Sequent System

a3 r{A} Tr{B} r{A B} M{A A}
{23} r{AA B} ‘riaver A
v r{VX[A]} scp VX[F{A}] where x does not
F{VXA} r{VX[A]} occur in T'{ }

r{A[X = u]} where u is not 3, r{VX[A]}
r{HXA} free in premise r{HXA}




A Nested Sequent System
Fla3 r{A} r{B} r{A B} r{A A}
a3t "= E Vrave A
v r{VX[A]} « VX[F{A}] where x is not
r{VxA} "T{Vx[A]} freein I{ }

r{A[X = u]} where u is not 3 r{VX[A]}
F{HXA} free in premise r{HXA}

e sound for varying domains
FNYXA — Alx :=y]



A Nested Sequent System

Fla 3 r{A} T{B} r{A, B} r{A A}
a3t "= E Vrave A
v r{VX[A]} « VX[F{A}] where x is not

r{VxA} "T{Vx[A]} freein I{ }

r{A[X = u]} where u is not 3 r{VX[A]}
L )
F{HXA} free in premise r{HXA}

e sound for varying domains
FNYXA — Alx :=y]

e complete for sentences of predicate logic
FVy (VXA — Alx == y])



A Nested Sequent System

r{A}y r{B} r{A, B} M{A A}
"“rianBy riaver A}
v M]_} sc VX[F{A}] where x is not

r{VxA} "T{Vx[A]} freein I{ }
E{A[X—::uL} where u is not 3 F{VX[A]}
F{HXA} free in premise ’ r{HXA}

M{a,a}

e sound for varying domains
FNYXA — Alx :=y]

e complete for sentences of predicate logic
FVy (VXA — Alx == y])

e has syntactic cut-elimination



A Nested Sequent System
r{A} {8} r{A, B} r{A A}
"Trianey r{aver A
v M]_} sc VX[F{A}] where x is not
r{VxA} "T{Vx[A]} freein I{ }

r{A[X = u]} where u is not 3 r{VX[A]}
L )
F{HXA} free in premise r{HXA}

M{a,a}

e sound for varying domains
FNYXA — Alx :=y]

e complete for sentences of predicate logic
FVy (VXA — Alx == y])

e has syntactic cut-elimination

e easily captures empty domains



A Nested Sequent System
r{A} {8} r{A, B} r{A A}
"Trianey r{aver A
v M]_} sc VX[F{A}] where x is not
r{VxA} "T{Vx[A]} freein I{ }

r{A[X = u]} where u is not 3 r{VX[A]}
L )
F{HXA} free in premise r{HXA}

M{a,a}

e sound for varying domains
FNYXA — Alx :=y]

complete for sentences of predicate logic
FVy (VXA — Alx == y])

has syntactic cut-elimination

easily captures empty domains

has the "free variable property”



